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NAOA ARR No..lUF21

. NATIONAL ADVISORY COMMITTHE FOR AERONAUTIOS

ADVAFCE RESTRICTHD RHPORT

TUNNEL-WALL CORRECOTIONS TO RGLLING AND YAWING
MOMBNTS DUB T0 AILERON DEFLECTION IN
CLOSED RECTANGULAR WIND TUNNELS

By Donald J. Graham

SUMMARY

A method is developed for calculating the tunnel-wall
corrections to rolling and yawlng moments due to alleron de~
flectlon on models in closed rectangular wind tunnels.
Graphs are presented which permit a rapid determinetion of
these corrections for models mounted in 7- by 1lO0-feont or &~
by 12-foot wind tunnels. The method is so develovred that
the corrections may be calculated for the deflection of
either alleron alone or both ailerons simultaneously.

INTRODUCTION

In the prediction of the aerodynamic characteristics of
alrnlanes in free flight from wind-tunnel tests of suale
models, 1t is necessary firet to evaluate the modifying ef-
fect of the tunnel walls on the forces snd moments experi-
enced by the models. Thls general problem of wind~tunnel-
wall interference effects mccordingly has become the subject
of many invegtigations, -

It often 18 deslred to predlict the rolling and yawing
characterlstics of airplanes in free flight from wind-tunnel
tests. The effects of the presence of the tunnel walls on
the rolling and yawing moments measured 1n the wind tunnel .
. are therefore of particular interest, Wind-tunnel-wall ef-

fects on.the rolling and yawling moments due to aileron de-
flectlion have been analyzed and corresponding corrections
calculated by Koning and Van der Maas ?reference 1) for a
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model with allerons- extending to the wing tips in a circu-
lar wind tunrel, Stewart (reference 2) has cxtended the
analyasis of the tunnel-wall interference on the yawlng mo-
ment duo to alleron deflection to the case of allerons set
in from the wing tips for circular wind tunnels, Swanson
(referencs 3) has investigated the effoets of tho tunnel
wells on tho major forcos and momecnts acting upon yawed mod-
elg in closcd ractangular wind tunnels. In the presont
paper an sanalysls 1s mado of tiae modifylng effocts of tho
pregence of tunnel walle on the rdlling and yawirng moments
due to alleror deflection for models in cloged rectangular
wind tunnols. Oorrections are developed by which the roll-
ing and yawing moments determined from the wind-tunnel tests
may be gdjnated to ejquivalent frac—-elr values,

It should ba noted tamt 1t ia rosslble to obtaln similanr
correctiong Ifrom the results of the analysls of reference 3.
Thie analysias, ncvever, was undertaken principally to lnves-
tigate the validity 5i tro asesumptlion commonly made in prac-
tice that the tunnel-wall corrections which are applied to
unyaved models may aluo ba applled without modification to
yawed models, It conaistes thersafore of a comparlison of the
tunnel-wall corrections calouleted for yawed models with the
gorresponding corrections for wnyawed models and 1ls not ad-
vanced as a gaeneral method for scomputing these corrections
for unyawed models, The corputational procedure involved ix
the evalustlon of thsec corrections for any unyawed model i
congsldered too0 laborious to permlt the gonoral application
of the method of reference 3 in practico,

The following jevealopment has been so simplifled by the
inclusion of convenient nondimonsional parameters and graphs
ag to nvermlt a very rayid determnination of the tunnel-wall
correctlions to the rolling and yawing moments due to aileron
deflection for any model in closed rectangular wind tunnels
having heisht~-to-breadth ratios of 0,700 or 0,667. These
heizht-to~breadth ratios (for 7- by 10-ft ' and 8-~ by 1l2-
ft . wind %unnels) are by far the most comumonly found in
practice, The corrections derived by the method of this re-
port are not appreclably affectod by small differences in
test section proportions; hence the graphs presented may be
applied with sufficient acouracy to wind tunnels with helight-
to-breadtli ratios in the neisghborhosd of J.7CO and 0,667,
respectively. For wlnd tunrels of relative nproportiona
narkedly different from 7 by 10 *eet or 8 by 12 feet, the
goneral methcd way be applied to obtailn the corrections for
an partlcular model.
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STMBOLS
vortex Qtfength, mhénitﬁﬁ% ‘of ecirculation
wing circulation i
aileron circulation
free~stream voelocity
induced upwash velocity

upwash velocity induced at center of wing by images of
wing 1ift distribution

upwash veloclty induced at any spanwise statlion of wing
by images of alleron 1lift system

wing area

wing semispan

alleron span

chord

mean aerodynamic chord

distence from plane of symmetry to inboard end of
alleron

distance from plane of symmetry to outboard end of
alleron

aapect ratio

taper ratilo

wind-tunnel breadth

wind-tunnel height

spanwise distance from plan¥ of symmetry

1ift coefficient
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c, section 1lift coefficient

cll measured rolling~moment coefficlent

AG1 correction to0 rolling-moment coefficlient

Gl corrected rolling-moment coefficient

Gn' meagured yawing-moment coefficient due to aileron de-
flectlon

AGn correction to yawing-moment coefficlent due t¢ aileron
deflection

Cp corrected yawing-moment coefficient due to aileron de-
flectlon

m, section lift-curve slope (per radian)

P mass density of alr

THEORY

The problem presenting itself for analysls 1s separabdle
into two parts: first, the analysls of the effect of the
tunnel walls on the flow over the model with 1ts correspond-
ing effect on the measured characteristics; and second, the
evaluation of corrections to modify these characterlstics to
thelr equivalent free-alr values.

Consider a wing of finite span mounted 1n a closed-
throat wind tunnel. If the tunnel walls be renlaced by a
sultable system of images of the wing as in flgure 1, it can
be seen that the walls induce veloclties over the winz which
are not present in an unconfined mir stream. These veloci-
ties are of diroections which alter the flow of alr past the
wing, thereby affecting 1ts aerodynamlic characteristics., Thre
effects of these tunnel-wall induced velocities on measured
characteristics have been analyzed by meny ilnvestigators and
are well xnown. If an aileron is not deflected on the wing,
the effect of the tunnel wallg is to induce a velocity over
the wing which is promortional to the circulation about the
aileron., This velocity 1s varlable across the span and there-
fore distorts the flow pattern about the wing in an unsymmet-
rical manner, producing rolllng and yawing moments which do
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not exist in free air., Another induced yawing moment results
from the interaction of the resultant tunnel-wall induced
veloclty existing before aileron deflection and the eilrcula-
tion about the deflected aileron.

The steps in the evaluation of the induced rolling and
yawing moments are laid down as follows: The tunnel-wall
induced upwash velocity acting over the wing is first deter-
mined. The upwash velocity induced by the walls due to a
dowvnward deflectlion of the right alleron alone 1s next deter-
mined. From these two induced velococlties expressions for .
the induced rolling and yawing moments are developed. The
final numerical evaluation of the lnduced moments 1s depend-
ent upon the respective dimenslions of the model and the wind
tunnel in which the test 1s made,

In any determinatlion of induced velocitles and conse-
quent induced aerodynamic forces and moments, the.type of
1ift distribution over the wing is of prime comnsideration.
This dlstribution may be different for every model tested,
but can be closely approximated for most models by an ellip-
tical type of distribution. A rigorous mathemetical develop-
ment of exvresslons for the lnduced yawlng moments for an
elliptical distribution of 1ift, however, 1s precluded by
the complexity and general lnapplicability imn practice of
the results obtained by such a development. It 1ls possible
by making several simplifylng assumptions in the mathemati-
cal treatment to reduce the results to a practicable form
without affecting the baslc analysis in any way. According-
ly, in the followlng development the simplifying assumptions
are made of a2 uniform 1lift distribution and A constant span-
wise distribution of the tunnel-wall induced velocity exist-
ing before alleron deflection, Although these assumptions
are strictly valld only for models of span less than half
the tunnel breadth, they permit a very satisfactory determi-
nation to be made of the manner in which the induced yawing
moments vary with model and wind-tunnel dimensions,

Induced yawlng moments corresponding to the elliptical
type of 1lift distributlion are subsequently evaluated numer-
ically for several model and tunnel configurations selected
so as to cover the complete range of practical installations.
Models with span varying within the -approximate limits of 70
to 90 percent of the tunnel breadth are investigated 1n this
manner, and the induced moments so calculated plotted as
functions of the model and tunnel dimenslons. From these
calculations corrective coefficlients have been determined
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vhioch modify the first approximation of the indnced moments
to a degree closely approximating the values corresponding
to actval loading conditlione. These corrective coefficients
are anplled to the final expressions developed for the in-
dv.ced yawingz moments.

INDUCED TPWASH VELOCITIZS

Jornslider A virg mounted in a closed rectangular wind
tunnel 8o trat the model axes ars coincident with the wind
axes. £ system of coordinates (x, y, 2) of the model 18
chosun 8o that ths axls of x 18 parallel to the direction
of alr flow, the &xis of ¥y 1e horilzontally perpendicular
to tha directlicon of flow and located 1r the plane of the
wing quarter chord, and tha axis of ¥ 18 located vertically
in the plane of the wing quarter chord (fig. 2). The right
alleron elons 13 deflected downward.

Let 1% be assvmed that the wlrng can be replaced by a
lifting korseshowv vortex of strength [,. Simllarly, let

it be assuned that the visymmetrical vortex system produced
by the deflected alleron can be treated as an slementary alr-
foll witk conetant circulation T, 4and a pair of trailing

vortices of strength I',. The tralling-vortex system then

consists of the principal trailing vortices existing before
the aileron deflection and the sccentrically located alleron
tralling vortices. To satiefy, ian ths analysis, the boundary
requlrerent c¢f zero normel velocity at the walls, a doubly
infinite serlies of images of the vortex system 1s introduced
(fig. 1). TFor simplicity in further treatment, the alleron
syetem alcne is shown in figure 3.

The upwash velocity induced st the 1ifting line by the
images of the uniform spanwise 1lift distridbution has beern
calculated for clossd rectangular wind tunnels by Glauert
(refererce 4) and Rosenhead (reference 5) as

=]
SY | P
w' = G]-_ - 8m y = (1)
8b2 | 3 ey ¢3TDR/D

The normal velocity induced at the center of the lifting
line by an image of the alleron trailing vortex of strength

Iy, located at the point (y, z) 1s
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Sinilarly, the npward component of velocity induced at any
point y of the 1lifting line by all of the images of the
alleron vortex system for a downward alleron deflection may
be written as

- £§ _ n l l
an ;Z; (-1) [nb + (=1)2a; -y " nd 4+ (-1)Ba, - ¥

2b - (-1)%a, + 3y ad - (-1)"a, + ¥

nd + (--l)naa -y

_1)m—1 (’l)n r a =
Lia)® + (2b + (-1)%as - 3)°

nb + (-l)na1 - ¥ . nb - (-l)nal + 3y
(mh)? + (ab + (_1)na1 - ) (mh)® + (ab - (-1)na1 + y)a

ul\/jﬂ

_ nb - ('1)n§a,+ y ]
(mh)?® + (nb - (~1)%ag + y)?
+ 2 S‘ (-1)®"1 a3 = ¥ - it Sl ] (2)
mel (nh)® + (a, - %  (mn)® + (a, - y)a_l

By substituting for one infinite series its sum of the gen-
eral form

o
S; (~1)0% _E—EE'_—_ =1 T cgen T
— m“h° + x 2x 2h h
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equation (2) may be simplified to

(a

i -3) -~ cgehl(a, - y)
h ¥ h h 3 ¥

w“-.-..I:E{ 1 - 1 + T cach
h 1

+ S-‘ (-1)™ i:-I'_ ceck X (nb + (-l)na1 - ¥)

n=1 b h

-z T -1)Bag - + T ceenX (ab - (-1)%a; + 7)
hcschh(nb+( YPag - y) 5 cechy a+7¥

- T cechT (mb - (-1)Pe. + y)] 1 (3)
h h 4

ROLLING-MCMENT CORBRECTION

x

By virtus of the Kutta-Joukowski vortex theory of 1lift,
the rolling moment oroduced by the positive clrculation of
the deflected right alleron may be expressed as

a
r=
I-=pV/ 'y yay (2)

a,

‘Since the aileron circuvlation I'y has besn assvmed to be

ccnstant aver the alleron span, equation (4) vecomes, aftor
intsgration

6, = & (a,®- a,”) (5)
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T’he induced upwash velocity wi? effectively increased
the angle of attack of the wing by the angle w"/V, where
Y 1is the veloclty of thé vhdlsturbved stream,-  The increase
in 1ift of any section bdrought about by this change may be
expressed as

wh
-t

Ac, = nm
» o v

i

where m, is the slope of the section 1ift curve (per radian).

Because the induced velocity w" 1ig varleble across the span,
the wing may be considered to be effectlively twisted by the
angle wh'/V, and subject to the consequent rolling-moment in-
crement

A v
A ranan m, X wh ¢y dy (6)
~g

The factor -—ﬁ-— is introduced in thls expression because
A+
the rolling moment actually experienced by a wing twisted A
through the induced upwash angle w"/V 1is approximately h
A +
times the rolling moment calculated for a wing of infinite
aspect ratio (reference 6, p. 103). This factor holds striectly
for wings of elliptical plan form only, but is considered suf-
ficlently accurate for wings of other plan form in view of the
fact that the rolling-moment correctlon is but a small frac-
tion of the total moment,

A numerical evaluatlon of the induced rolling moment from
equation (6) for the general case of a wing with variable
chord 1s not feasible because the spanwlise varirtion of wing
chord 1s different for almost every model tested, To avoild
this compllcation the mean aerodynamic chord is sudbstituted
for ¢ in equation (6). This assumption of constant chord
permits the integratlon of the right<hand side of the equation
for the general case without further difficulty. It now re-
mains to account for the modifyins effect of a variable chord
on the value of the rolling-moment increment calculated for a
congtant mean aerodynamic chord.

Bauation (6), or its equivalent, has been numerically

) evaluated for several model and wind-tunnel configurations
comprising the complete range of practical installations =
that is, for model spans ranging from approximately 70 to 90
percent of the tunnel breadth, and for taper ratios from zero
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to unlty. The results of these caloculationg have beer con-
pared with the corresponding induced rolling moments as deter-
mined by the method of this report for constant mean aerody-
nanmic chords, Hrom these compariasons tkhe correction factor

E, has been determined as & function of taper ratio (fig. &),

and 18 introduced in equation (6) to adjust the induced roll-
ing moment calculatefi from the graphs of this report for the
mean zerodynanrlc chord to very nearly the actual value exper-
ienced by a wing of any particular plan form. The variatlion
of K3 with the ratio of model epan to turrel breadth was
found to be negligiols over the range of ratios investigated.
Aftor making the indicated substitutions, equation (6)

becomes
8

AL = K, A B, °‘°vf v" ydy
A+ 4 2

The indlcated integration %s eomplicated and tedious and
is therefore rerformed in the appendix. The result has bsen
numerically evaluated for all praatical models having the rel-
ative proportions of 7~ by 1l0-feot and 8- by l2-foot wind tun-
rels and has bYeen presented graphically in figures 5 and 6,
respectively. As a convenlent slimplification, the nondimen~

sional parameter F,‘(%) 18 introduced. Reducing the rolling-

moment increment to coefficlent form, equation (7?) thercfore
beco:on

A m, cbI’ a a
ACy = X 0 ar(_a_r(_}_] 8
' 1A+48TI‘VBS[1 b *\3 (8)

where (of. appendix)
. 8

a a
r(_z_r(_i)=_‘%l'_ w' ya
1\ 'y 2\ 'y bl i

The expresslon for the induced rolling-moment coefficlient may
be rewritten as

a0y _ A mo_cb [e_a._ ﬂ]
1 = A+ 4 an(a® ~ aia) T2 ( b F’-( b ) (9)
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In the evaluation of the rolling-moment eorrection-
(equation (9)). for ‘a particular model, the coefficlent. K,

ls deternined from figu.re 4 and values oi‘ P, (‘E) ‘are taken
from figures 6 and 6.

The relation between the free-alr rolling-momont cosffi-

cient and the wind-tunne}l rolling-moment coefficiont 1w then

finally )
' e % (10)

YAWING.MOMBNT CORREOTION

-

Again in accordance with the Xutta-Joukowskl vortex
theory, a goneral expresslon for the lnducod yawing momont
about a plano of symmetry prodaced by a clrculation betwosn
tho linits of y &and -~y may be evolvod as

. 7. .
Wy = pJ/Q wlydy:

- . : —y

or in coofficiont form :

.- 1 "
- 11_ SYas 2 .
. - .~y
In tho following davéioﬁment‘thb-iniwcdd yawing momont

due to the defléctlan of tHe right aiIbron alons on a wing in
a olosed rectangular wind tupnel is 'split into three lncre-

mehts each of whidh is treated separately. .The upwash veloo- -

ity w' 1nduced by the images of the uniform 11ft dietridu-
tion, and the aileron circulation - produce a lower drag
over the alleron span than that exia%ing before alileron de-
flection. This -asymmetrical reductlion of drag produces a
yawing moment the coefficient of which i danoted by ACyp, .

The upwash veloclty wh'i induoed by the 'images of the alleron
1ift systoem and-the constant circulation Ty about the wing

produce a yawing-moment increment which in coefficient form

/"\.‘
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i1a denoted dy Acna' A third yawing-moment increment corre-

spondingly denoted by AOn3 is produced by the 1nduced up-
wvagh 7elocity w" and the alleron circulation 'Pa'

Yawing-monent gorrection 40y, .~

2a
1
aCy = svasu/P w'T_yiy (11)
a,

Since I'y Lus been assumed constant, substitution of equation
(1) for w' in equation (11) ylelds

® 83
n
8Cp, = Op ——2_| T + &n zz P d/’ yay (12)
8b?ve| 3 1 + e2mPh/D
p=2 a,

As discussed previously in this report the actual 1ift
distridution 1s net uniform and the induced upwash velocity
is not constant across the span. Accordingly, the yawing-
moment increment of equation (12) must be modified for the
olliptical 1ift distribution and for a variable spanwise 1n-
dvced upwash veloclity. For thlis purpose yawing momente have
been numerically evaluated from equation (11) for the vari-
eble induced upwash vzloclty corresponding to an elliptical
l1ift distribution for model spans ranging from approximately
70 to 9C percont of thse tunnel breadth, and for aileron spans
from 30 to 50 percent of the model semispan, and compared
with corresponding moments computed from squation (12). From
these calculations the corrective cosefficient K3 hae been
determined ag a function of the model sepan to tunnel~dreadth
ratio for several ailleron spans (fiz. 7) and is 1introduced in
eguation (13) to adjust the yawing-moment correctlon to ac-
tual loading conditlone. Integrating and making the addi-

tional substitution Ty = 01 __§!§E__E in equation (11},

therefors glves

[« <]
= s Y P
ACn, = K3C1 Oy —3 1+2¢ ) ——575E/® (13)
P=1
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where values of Kz for any particular model are taken from

figure 7. In practice it is never necessary to evaluate more
than the firet tvwo termse of the infinite-serilesn.. -

Yowing-moment corrgotion A0,,.-

ACy, = V f vil  ydy (14)
8V @.

Tor a uniform 11ft .distribution ', may Dde replaced by

Cy7s
L2 giving 8

4s o .
ACy_ = L ‘/P v" yay (15)
. 4Vg®

Making the substitution (see equations (8) and (9))

JECREINORNC)

-8
equation (15) bYecomes

ACp, = :2::3 rr (—E> - 7, ( :l (16)

To modify this correction to actual loading condltions
a corrective coefficlient (0.75), determined by evaluating
numerically equation (14) for the elliptical distribution of
circulation Iy for model spans ranging from approximately
70 to0 90 percent of the tunnel breadth and comparing the re-
sults with those celculated under the agsumption of constant
circulation, 1s introduced in equation (17). Subsetituting

for T, its eaquivalent, equation (18) i1e thersfore seen %o
become
40, = 0.76 Oy Oy Sh [r1 (2)-+ (al)] (17)
3 ) P
8“5(53 - a:_ )

where values of Fl(%> are glven in figures 5 and 6.
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Yawlng-moment correction ACp,.-

by
1 -
8,

The indicated integratlon 1s very tedious and 1s there-
fore performed ln the appendix. The numerlcal evaluation of
the result 1s equally tedious for aany particular model, Ac-
cordingly, numerical evaluations of the result have been made
for all models of usual size in wind tunnels of the relative
proportions of 7- by 10-foot and 8- by .12-foot wind tunnels
and are presented graphically (figs. & and 9) in terms of the

. .&1 ag !
nondimensional paraneter Fa (--. —~—J, TFor deflection of the
right eileron alone, then, egquatlon (18) bvecomes

A s Ssd (“1 aa)
%oy T e Tl v (19)

where (cf. appendix) . ag

a. a Yo
F (_1 -2 )= — ned
8 'b. 3 bI‘a wiyay

a
a; a3
and values of Tg ;r f; are given in figures 8 and 9.

Total yawing-moment correction ACp.- The total tunnel-
wall correction to.the yavwing-moment coefficient 1s the sum
of tke three incremental correctlons developed in the fore-
golng.

AC, = A0n1+ AC + AC
This correction is subtracted from the wind-tunnelemeasured
yawing-moment coefficient to obtain the free-alr yawlng-
moment coefficlent. Thus,
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If the NACA sign convention for airplane moments 1s
adopted, the sign of AGn3 is negative for up or down de-~

flection &f the right aileron alone and 1s positive -for up
or dowvn deflection of the left alleron alone. If both aller-
ons are defleotued equally, Acns becomes zero while the

correctione AOp, and AOy;, remain the same.

For 4ifferentiai alleron deflection and positive rolling
direction, A0n1 and AGn8 are unchanged but AGn3 becomes

Sed

ﬂ(ﬂ.aa - 83

AGn, = (615° - C15) Ts 1; :’ (20)

8)3

where the geconld subacrinta réfer to left and right alleron
deflections, respectively. For the negative rolling direc-
tion, the algr of Acns m:.et be reversed.

ILLUSTRATIVE EXAMPLE

The following example serves to illustrate the manner
in which trs rolling- and yawing-moment corrections are de-~
termlned for the deflectlion of the right aileron elone on a
typlcal model in & 7- by 10-foot wind tunnel of cloged throat,
The procedure 1s, in general, the same for the deflectlon of
elther alleron alone or both allerons simultansously.

The dimensions of the typlocal model selected are:

Wing area, 8 . . . . . ¢« . + ¢« « ¢« i « &« « « 8 £t . . 10,47
Wing semippan, s . . . . . c s s e s e e e e £+ .. 3.98
Inboard allaron end 1ocation, B: .+ ¢ « o-.2 + « . 28 ., 1.98
Outboard alleron end location, a, . . . . . . . ft . . 3.81
Mean aerodynamic chord, € v v e 4 e e s e e . .2t .. 1.45
Agpect ratlo . . . . . . . . 4 4 i i i v e e e e e 6.1
Taper ratlo . . ¢ &« . + ¢ v 2 &+ o &+ o« o « o &« » =« « o« 0.34

Rolling-moment corregtion.~ From equation (9) the rollinmg-

noment correction 1s

%—cl—l = K, 1 -:-_ 2 4ﬂ(a:gc3 a []’1(-——) - ¥ ( )-,
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Tor the glven modsl dimeneions,

K, = 0.69 " from figure 4

and rl(%l_> = 0.016
: : from flgure 5
rl(:‘.};a) = 0.342

For an agsgumed lift-curve slope of 6.0 per radian the correc-
tion 1a therefore svaluated as

c
ot - 0.59 Ge1 8.0 (1.45) 10 (4 343 - 0.016)
C1 _ 10.1 4n(TBT - 1.38°)

or
AC:r _ 5.032
Cy

From ecuation {10) tho froe-air rolling-moment coefficlent
is . :

1
¢ = — 01
AC
1+ 3
S
or .
G, = 0.967 O,

Yawlng-moment correstion.- The incrementsal yawing-moment
correctioneg are evaluated numerically 1n order as follows:

() Prom equation-(13)

o
AG, = X, Op G, TS 1+24Y P
ny 3 "L V1 53 .5:1 1 + o®TPRB/D

where, from figure 7, for the glven dimensions
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- Lence o

- AD .1.14 Op 0, 10.47n (1.30)

‘ Dy T BT Tas00 .
A0n, = 0.030 Oy, Oy

(b) Prom equation (17)

40, = 0.76 01 0 §b_ [rl( -7, ( ]

8ne (ag® - a,%)

evalvating numerically,

104,7 (0.142 - 0.016)
0.75 01, © >
L n(3.98)(3.81° - 1.68°)

80,

ACp, = 0,009 Op Cf

(¢) Prom equation (19)

80y = -01” 'rr(a.,as-s-b-a,._a)a Ta(%, P';;—a)
from figure é _
ra 81 22) . g.079
y '.b -
therefore . -2
AOp, = =0p? _10:47 (3.98) 10 (0.079)

n(3 B - ‘1.98 .)

ACp, = ~0.094 C;”°

17
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The total correction to the yawlng-monment coefficlent
18 therefore

ACp = 0.029 Cp O - 0.094 C3°

and the freo-alr yawlng-moment coefficlent 1s

1
C, = 0, - (0.039 Oy, C; - 0.094 0,3)

ACCURACY AFD LINMITATIONS.

The initial assumption of constent circuletion over the
wing has already been dlscussed in the theory and in the de~
velopment of the corrections. The final corrections are mod-
1fled for the elliptical distribution of circulation which
very nearly represents the actual loading.

The additional aessumption is made that the vortex sheet
leaving the wing extends undisturbed an irfinite distance
downetream. Actually the sheet rolls up into a pailr of trail-
ing vorticee iz a finite distance downetream of the wing,
thereby effectively shortening the span. The error introduced
in the analysels of the wall interference by neglecting thie
effect 1s difficult of determinatlon but 41s believed to be
small in comparison with the absolute value of the correctlons,

Replacing the &lleron circulation by a horseshoe vortex
produces an abrupt discontlnuity in circulation at both ends
of the alleron. Actually the increase in circulation intor-
duced by the deflected alleron is carrlsd over to the wing
smoothly and extends over a dlstance somewhat greater than the
alleron span. ZXYor the normal-sige model, however, this sin-
plifying assunption 18 entiraly Justified.

Whon the modol becomce unduly large (i1.e., when its span
becomes greater than 0.9 tlmes the breadth of the tunnel) the
initial assumptione prodably break down seriously, affecting
the accuracy of ths corrections computed by thils methoq.
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OONCLUSIONS

- PE i e
- -

The method of this report permits.a rapid and convenilent
determination of the corrections to the rolling and yawing
moments due to aiferon deflection on models in wind tunnele
with height-to-breadth ratios of 0.700 and 0.667, respectively.
Por wind tunnels of any other seotion, the general method, in-
volving the evaluatlion of several complicated lntegral expres-
slons, 18 applicabls,.

Ames Aeronautical Laboratory,
Hatlional Advieory Comnittee for Aeronautles,
Aoffett Fiseld, Calif,
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APPENDIX

EVALUDATIOE OF THX EXPRESSION

'U/av'ydy (1)

The velocity w" 18 tkhe net upwash velocity induced
by the images of the aileron lift gystemi that is,

" .
wh oWy, ~- W

where w"', and w"'", are the velocltles induced by images of

the trailing vortices at y = a, and y = ay, respectively.

Eence (1) may be written as
8 8 8

fw"ydy = / w'oydy -f‘f"lydy
: . :

The veloclty at any point on the lifting line induced
by the images of a vortex of strength T, 1located at y =a

P_a_ _];—._%cechﬂ(a_y)

why =
a 4n | a~y h

|
[~

(-1)" [-E cech -E— (nb+(—1)na-—y)

1l

csch % (n'b—(—l)n a+y>]}

¥y (%) =:;4ll1a. f waydy

-8
Subatitution of w", 4in this expression gives

|
SENE

Now lot
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- E csohg (a~y)
(n‘b + (=1)2

{n‘b (=1)? a.+y) ].} yay

or, ¥, (5') = (I3 = Iog = Iz + Ig)

a7)

21

(2)

) vy

b
where s
11 = J.: [.‘ w
v 8=y
g
I
=3 I T (ae
1z oy T csch = (awy) yiy
(.3}
8
[+ -]
I = .}D. =12 Tesend {nb + (=1)® amy
“ n=1
8
@
o
Ig=2 [ ) (=) Z coon (n‘n--(---l)"1 a+y) ydy
b =1 h h
-0 n=

Considering each exprossion in turn,

11 = % 1 %EE w.EB
Letting =z = g (amy)
g-(a.-s) g(.a-s) .
I3 = 1-1h'-b z cach g d.z-..%
f(ats) z(ats)

it 18 noted first that

csch z dz

The first integral of this expression may be evaluated by
represonting the function as the sum of two series and 1n-
tegrating the terms individually. TFor 3z? < md,
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g3 725 31 g7
N T T A 3)
f’ esch 5 dx = = — 79 F 7556 ~ T05 840 (

for %2 > n® ¢the function may be represented dy a Taylor's
sories expanded nbout the point p such that

(s —p)< 1

Thue
f(z) = z ocgech 5 = f(p) + f‘(p)(z—p)+£';-(-.9—)- (z—p)a. . .

+ i%}?l (s—p)"

It may be neceossary to represcnt the functlon f(g) bdYy
several such rories to ensure rapid convergence. For u°>p3

fs cech z dz = f(n)z + fi(p) (s—p)? + E_"_:%P_l (==p)® . . .
. 2! !

£271(p)
ntt

(s—p)® (4)

+

Performing the indicated integration then

r!—l (s=a) |®

I, = & n tanh 'QFE (s+a) % . LJ:-}:‘__.._.._L.
tanh -UE (s—na) b"L 18
5 “"]
_ 'E' (s- a.)i 31 | (a—a)l ga
1800 J.05 840 35
3
o 1E) A w )
b 18 1800 105 .840
— 2h ma ._"(E, ) ( ~a
brr [f(l’) 2h ( \'2‘1:) ]

I and I, are evaluated simllarly in the following:
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N 0
n n
LI = %f Z (~1) % csch I (nb-l_-(-l) a-y ) yiy
g n=1

It car Yo shown that for 0.5 < %< 1.5 terms bo'yond'

n =2 gare negligible and can te negleocted with but a small
loss 1n accuracy of the corrections. Therefore

— -'5- -

= G+2) 0
3 \D z tanh gt (b—ats)

tenh -5'!- (Zb+a—a)

| X
- 2 [\_‘ [f(qk) f(pk)]

o1 Lh ﬁ'l
+ (Y ! § (27 (ay) = 27 (2, |
' L k=1 J J

whero p 1 tho valun of 2 at the point adout whicech the
Taylor'!s series for f(z) = z esch 3 18 expanded when

g = %-(b—a—y)

and g 1s the corresponding point when
g = % (2v+a—y)

k¥ 1s the number of convergent Tayior's serioz used to repre—
sent f(z). The greater k the more rapidly +the several
serles converge. Three serles are genurnlly sufflelent.

For all practical caeses it 1s sufficient to retaln only
the first four terms cf the expansion (3) with no sacrifice
in aocuracy. .

f Y(-—l) (b—(—l) a+:r) yay
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tanh 2h—a+t tanh IL( b+a—
1, = (-5'— 2) anh we(23%—ats) _(1+1) L, er Bl'é a—s)
tanh -zﬂh-( 2%—a—s ) tanh -2115('0+a+s)
k
£h ms r
+ 2 | kz [2ar) = 221y |
=1
¥ _'1
1 . _
(BN Y [ - o]

1 _j_‘

p' is tho veiue of g at the pecint about which the series
for f£(z) is expanded when

2 =.§-(b+a+y)

and q' 18 the corresponding :;o2in% when

z = (2v—a+y)

AL
h

From the foregoing development, expresaion (1) is geex

to becone
8

b I

p
J w"ydy = - []‘ (
4w

21\
J

i
[
S’

NI

ulﬂ’

and F, (%) may be evalugted by substitutins thn numerical
values of the model dimensions in equation (3).
EVALUATIOH OF THE EXPRESSION
A3

L/p whydy (8)

84 3
4
Let F. < " iba) = ﬁ; f wﬂyd}'

a

dEﬂ

[
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Eow

r :
wi = F.E ki = ke + T ggeh H(a.l-y) = T csch H(a,a-y)
bmle -y a,-y h h b b
~1)2lm T [a ~1)2 -
+ ; (=1) [h csch 3 (n'b + (=1)2 A,y Y)
n=3
- Ih-r cach :E. (nb'l'(_l)n aa_v)
\nl
+ E cech -E nb—(~1) a-a"'y)
. n '
- -E cach% (n'b-(-l) 8-1*'7)]}
3
Hence '
a a
Fa('ﬁé . .%.a) = Ily + I', + It
Where a3
1 =1P"cach"(a—Y)-—}- d
1 5] by b 1 ay-%y vay
a
1 - T T
o+ mstberer o5 s ch = b d
Pyget n cs 5 (az Y)] yay
A2 o
It = % J E (-1)8 [E csch-;;-r (r:l'b+(—1)n 9-:."'!’)
a3 n=1
-~ I cach & (n'b+(--1)n 83—7) yay
h h
24 -
1 n {m T n
1 - aw - \ - - -s | sa
I, £ f E (=1) [h cech o (n'b (--1) aa+y)
‘1 n=1 .
s b1 4 n
~ 5 cech : (nb—(-l) al-l-.y)] ydy
Evaluating the integral expressions

25

(7)
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I, =

Ila =

(7 + 2
+ + n
2 tanh

NACA ARR No. WF21

& L m (a§~al) . %3 10 n (ag-a,)
b n tanh n(az~ay) b N n ﬂ(aa-aal
2 an 5h 2h tan 5h
T
(Es ) 1) " tanh 57(b-2a,)
b

tanh %%(b-a;-aa)

tanh He(b-2a
2h 2)

a,
(7; N 1) In
tanh gi(b—al-aa)

Wplﬁ(b-aaa)la i} 7[1]-:(b~2aa)]4 +.31[£(b-2aa);j‘1

=
[%(b-aal)]a 7!§(b-2a1)|4 31[§(b-2a1)

agzta,

——game

)

tanh LR ag tanh % b
= h + + + 2} iIn T
2h( a1-a3) tanh 2h(2b a,+ag)

-

18 1800 105 840 %
8

+ — = P >
18 1800 105 gto |

!-(b-aa-al) 7[ (b-aa-al)14 31{%(b-aa~a15151
- a = e

18 1800 105 glio

- EE%EA {%(m) - f(n) + iéﬁi;%:iill— [f"(m) ~ f"(n)]j

]

vhere, as before, m 1s the value of 2 at the moint about
which the Taylor!s series for f(s) = z csch z is expanded
when
= Tb . 2g-a,
B = 4 (2 ——3_-)
and n 1s the corresponding point when

z=%(2+2&%—a:1)
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7h Ba=8 md o
That is, m = - (2 - -%ﬁ;é) and n = — (2 + E%ﬁf )
Similarly R T
' a tanh -é-ﬁ('b+2&a)
. I'B = (-B-B + 1) * In - —
) ) : m
. tanh -z--i('b+a,_+a.=)
1]
: tanh —==(b+2a,)
a 2h
+ (-3 + 1) in -
b ™ o
tanh Ei(b+a1+a,)
. tanh ¢ b : tanh I b
B‘a an E 3:. an -ﬁ
+ (;- - 2) 10 e —= - + (i- - 2) In =
- e + - - -y ]
tanh 2h(2'b ai1~ag) tanh 2h(2'b ai+ag)

+ (EE%EI){EE(\J_) - £f(v) + £(m) =~ f(n)]

h 13 ]
z5(az-8;)
+ _-_§I~_ [f“(u) - £(v) + £"(m) - f"(ni]}

where u 1s the value of =z 4in the Taylor's series repre-
sentation of f£(=z) = z csch z,

_ 7b 3a,+agy

and correspondingly

v = E.B (1 + —-—--a:'+-~—-3aa)
h 2b

m and n are the same as defined in the evaluation of 1!,
Thus expression (6) is seen to become
a5

n »l’ a a
; wiydy = T;f Ip(_i . _%)
~a

b b (&)

a a
and 33(1% ' iﬁ) maey be evaluated by substituting numerical

values of the model dimensions in equation (7)
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